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ABSTRACT 

Spherical gradient index (GRIN) lens that can achieve perfect 
imaging and maximum concentration is provided. Various 
refractive index profiles for the GRIN lens allow the lens to be 
manufactured by the currently available materials and fabri 
cation techniques. Systems and methods for photovoltaic 
Solar concentration are provided in which the optic tracks the 
Sun and the photovoltaic cell remains stationary. The optic of 
Such systems and methods can include perfect imaging 
spherical GRIN lens to provide high flux concentration. 
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SPHERICAL GRADIENT INDEX (GRIN) 
LENSES AND THEIR USES IN SOLAR 

CONCENTRATION 

CROSS REFERENCES TO RELATED 
APPLICATIONS 

0001. This application is a continuation of International 
Patent Application Serial No. PCT/US2011/050,701 filed 
Sep. 7, 2011 and claims priority from U.S. Provisional Appli 
cation No. 61/380,632, filed Sep. 7, 2010, the disclosure of 
which are incorporated herein in their entireties. 

STATEMENT REGARDING FEDERALLY 
FUNDED RESEARCH 

0002 This invention was made with government support 
under the M-GRIN program, Contract No. HR0011-10-C- 
01 10, awarded by the Defense Advanced Research Programs 
Agency. The government has certain rights in this invention. 

BACKGROUND 

0003 Gradient-index (GRIN) lenses are a type of optic 
that has a varying refractive index of the lens material. It is 
theoretically shown that spherical GRIN lenses having cer 
tain specific derived refractive index profiles n(r) (spherically 
symmetric in lens radial coordinate r) can achieve perfect 
imaging. However, perfect imaging GRIN lenses for optical 
and solar frequencies with the required n(r) have not been 
able to be fabricated with available materials and fabrication 
techniques. 
0004 Maxwell initiated the field of GRIN optics in trying 
to understand the fish eye. The first derivation of refractive 
index profiles n(r) that produce perfect imaging for a general 
near-field source and target was published by Luneburg (al 
though a specific solution was provided only for a far-field 
Source and the focus on the lens Surface) 1. Luneburg's 
derivation assumed that n(r) is an invertible monotonic func 
tion, devoid of discontinuities. Although Successfully imple 
mented in microwave antennas, Luneburg's Solution 
remained an esoteric ideal for visible and IR radiation 
because of its severe constraints: (a) a minimum index n of 
unity at the lens surface, (b) a large index gradient (An=n- 
n>0.4), and (c) the focus resides on the sphere's exterior. 
Recent research advances in transparent polymers 2-4 have 
spawned materials and production techniques for the requi 
site ultra-thin spherical lens layers, but impose An-0.13 and 
in values that must exceed 1.4, as well as necessitating a 
constant-index spherical core. 
0005 Based on the fundamental relation between maxi 
mum flux concentration C and acceptance half-angle 0. 
at a given concentrator exit numerical aperture NAI5-6: 
C (NA/sin(0)), it appears that daylong solar con 
centration levels of the order of 10 (or higher) cannot be 
realized in nominally stationary systems. Indeed, Solar con 
centrators have realized daily-averaged flux concentration of 
the order of 10 (at 0-1) only with precision dual-axis 
tracking driven from massive pedestals 7-8). An individual 
tracker can support dozens of m of collector, weighing hun 
dreds of kg. Here, 0 is the effective solar half-angle com 
prising the sun's intrinsic value of 4.7 mrad convolved with 
alignment inaccuracies, imperfections in the shapes of optical 
contours, and deviations of material properties from their 
design values. 
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0006. In earlier solar thermal and photovoltaic concentra 
tors, the very nature of the absorbers, or the extensive range of 
motion to be accommodated, precluded practical consider 
ation of stationary absorbers with optics that tracks the Sun. 
The evolution of concentrator photovoltaic (CPV) technol 
ogy to mm-scale Solar cells obviates these drawbacks and 
prompts revisiting the prospect of nominally stationary high 
concentration optics, a collateral benefit of which would be 
rooftop CPV. Furthermore, there are practical micro-me 
chanical systems capable of the Solar tracking with Sub-mrad 
accuracy (Small enough not to affect 0), over cm dimen 
sions, inside the module 9. 
0007. The inadequacy of conventional lenses and mirrors 
has long been recognized. Even nonimaging designs tailored 
to nominal collector stationarity Succeeded in achieving a 
daily-averaged flux concentration of only tens of Suns at high 
collection efficiency 10 (1 sun-1 mW/mm)—one to two 
orders of magnitude below the values required for CPV. 

SUMMARY 

0008. In one aspect of the disclosed subject matter, a 
spherical GRIN lens is provided. The GRIN lens has a radius 
and a radially symmetric refractive index profile n(r), wherer 
is the radial position within the lens and 0<rs 1. In some 
embodiments, the n(r) of the lens satisfies the following: there 
exist r, and r, 0<r-r,<1, such that n(0)>n(r), n(r)-n(r), 
and n(r)>n(1). In some of these embodiments, the refractive 
index of the center of the GRIN lens n(0)>n(r). In other 
embodiments, n(0)<n(r). 
0009. In certain embodiments, the GRIN lens includes a 
core having a Substantially constant refractive index, i.e., n(r) 
is Substantially constant from the center of the lens to a given 
radius, e.g., of about 0.05 to about 0.9, or about 0.1 to about 
0.6. In these embodiments, the GRIN lens can further include 
a portion having greater refractive index than the constant 
refractive index. 

0010. In some embodiments, the GRIN lens can includean 
outer shell having a Substantially constant index. In any of the 
above embodiments or the embodiments described below, the 
surface refractive index of the GRIN lens n(1) can be greater 
than 1. 

0011. In certain embodiments, the variation of the refrac 
tive index across the core does not exceed 0.3, e.g., not more 
than 0.13. The maximum refractive index can be about 1.4 to 
about 2, or about 1.4 to about 1.8, or about 1.4 to about 1.6. 
0012. In some embodiments, the entire n(r) over the range 
of 0<rs 1 of the spherical GRIN lens is mathematically 
derived from a given set of input parameters including an 
aperture of the lens, a desired focal length of the lens, and 
n(1), such that the spherical GRIN lens as a whole produces 
nominally perfect imaging. 
0013. In some embodiments, the n(r) of the spherical 
GRIN lens includes at least two portions depending on r: (1) 
a userprescribed portion for risrsr, wherein r and re(0,1); 
(2) a portion for 0<r-r and r<r-1, where n(r) is mathemati 
cally derived from a set of input parameters including an 
aperture of the lens and a desired focal length of the lens such 
that the spherical GRIN lens as a whole produces nominally 
perfect imaging. In these embodiments, the user prescribed 
portion can be a constant over risrsr, or a linear or non 
linear function over risrsr. Further, the user defined region 
can be an outer shell of the GRIN lens, e.g., 0<r-C, C is a 
real number in the range of about 0.6 to about 0.95, and r-1. 
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0014. The spherical GRIN lens of can be made of one or 
more materials whose refractive index is in the range of about 
1.1 to about 2.0. The material can be polymeric, glass or other 
suitable material. 
0015 The spherical GRIN lens can have an aperture of 
Smaller than 1. For example, spherical caps of the lens outside 
of the aperture can be symmetrically truncated. The spherical 
GRIN lens can have a focal length greater than or equal to 1 
relative to the radius of the GRIN lens, or a focal length 
smaller than 1. 
0016. In some embodiments, the spherical GRIN lens pro 
duces nominally perfect imaging. The spherical GRIN lens 
can be incorporated as an optic component of an imaging 
system, a photovoltaic concentration system, a camera, a 
microscope, a telescope, an illumination system, and the like, 
as well as other applications where the role of object and 
image (source and target) are interchanged relative to the flux 
concentration applications, for example, a collimator. 
0017. In another aspect of the disclosed subject matter, a 
method for obtaining a radially symmetric refractive index 
profile n(r) of a spherical GRIN lens is provided. The method 
includes providing a value for each of a set of input param 
eters including n(1), a focal length of the lens and an aperture 
of the lens; and using a computer apparatus, numerically 
determining n(r) based on the provided values for the set of 
input parameters, such that the lens produces nominally per 
fect imaging. The value provided for the refractive index of 
the surface of the lens can be greater than 1, and the value 
provided for the aperture of the lens can be smaller than 1. 
0018. In a further aspect of the disclosed subject matter, a 
method for obtaining a radially symmetric refractive index 
profile n(r) of a spherical GRIN lens is provided. The method 
includes providing a predefined function for a range of 
rsrsr; providing a value for each of a set of input param 
eters, the parameters including a focal length of the lens and 
an aperture of the lens; and using a computer apparatus, 
numerically determining n(r) for the remaining range of r 
based on the provided values for the set of input parameters, 
Such that the lens produces nominally perfect imaging. 
0019. In yet another aspect of the disclosed subject matter, 
a system for photovoltaic Solar concentration is provided. The 
system includes a stationary absorber including a photovol 
taic cell; a spherical gradient index (GRIN) lens, wherein the 
photovoltaic cell is placed at a distance from the center of the 
GRIN lens, the distance being equal to the focal length of the 
GRIN lens for the sun, and a tracking device operatively 
coupled to the GRIN lens. The tracking device can enable the 
movement of the GRIN lens to track the trajectory of the sun 
while maintaining the distance from the lens to the photovol 
taic cell. The system can further include a backing plate 
having a surface to which the photovoltaic cell is affixed. The 
baking plate cans serve as, or comprises a heat sink. The 
system can further include a housing which encloses the 
stationary absorber, the GRIN lens, and the tracking device. 
The spherical GRIN lens of the system can be perfect imaging 
GRIN lens, and can be any of the spherical GRIN lens 
described above that have focallength not smaller than 1. For 
example, the focal length of the spherical GRIN lens can be 
greater than 1.73. 
0020. In another aspect of the disclosed subject matter, a 
method of utilizing Solar energy is provided. The method 
includes placing a photovoltaic cell at a distance from the 
center of a spherical GRIN lens, the distance being equal to 
the focal length of the GRIN lens for the sun; and moving the 
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GRIN lens to track the trajectory of the sun while maintaining 
the distance, wherein the photovoltaic cell is kept stationary 
during moving the GRIN lens. 
0021. In another aspect of the disclosed subject matter, a 
system for photovoltaic Solar concentration is provided, 
which includes an absorber including a photovoltaic cell hav 
ing a light receiving Surface; a spherical gradient index 
(GRIN) lens, wherein the photovoltaic cell is placed at a 
distance from the center of the GRIN lens, the distance being 
equal to the focal length of the GRIN lens for the sun, and a 
tracking device operatively coupled to the GRIN lens and the 
photovoltaic cell, the tracking device being capable of mov 
ing the GRIN lens to track the trajectory of the sun and 
moving the photovoltaic cell such that the line connecting the 
center of the GRIN lens and the center of the sun is always 
normal to the light receiving surface of the photovoltaic cell. 
In this system, the GRIN lens can be a nominally perfect 
imaging GRIN lens. The GRIN lens can be any of the various 
GRIN lenses described above. 

BRIEF DESCRIPTION OF THE DRAWINGS 

0022 FIGS. 1a-1b depict geometries of ray trajectories 
through a perfect imaging spherical GRIN lens. 
0023 FIGS. 2a-2e depict raytraces for various perfect 
imaging GRIN lenses. 
(0024 FIGS. 3a-3e depict refractive index profiles of the 
various perfect imaging GRIN lenses depicted in FIGS. 
2a-2e. 

(0025 FIG.4 depicts the shell thickness of spherical GRIN 
lens having a constant-index shell as dependent on the focal 
length of the lens for a range of refractive index for the shell. 
(0026 FIG. 5a depicts a refractive index profile for a 
spherical GRIN lens having surface refractive index of 
greater than 1, according to Some embodiments of the dis 
closed subject matter. 
(0027 FIG.5b depicts raytraces of a far-field source for the 
spherical GRIN lens as depicted in FIG.5a. 
0028 FIG. 6 shows certain input parameters for obtaining 
a refractive index profile for a spherical GRIN lens, according 
to some embodiments of the disclosed subject matter. 
(0029 FIG. 7 depicts certain refractive index profiles for 
spherical GRIN lenses with a core of substantially constant 
refractive index, according to some embodiments of the dis 
closed subject matter. 
0030 FIG. 8 depicts a refractive index profile for a spheri 
cal GRIN lens having a core of substantially constant refrac 
tive index and a constant-index outer shell, according to some 
embodiments of the disclosed subject matter. 
0031 FIG. 9a depicts a refractive index profile for a 
spherical GRIN lens with a core of substantially constant 
refractive index, obtained as a closed-form solution accord 
ing to Some embodiments of the disclosed subject matter. 
0032 FIG.9b depicts a comparison between the refractive 
index profile of the standard Luneburg solution with that 
obtained from a closed form solution for the same given 
aperture and focal length. 
0033 FIG. 10a depicts a photovoltaic concentration sys 
tem with moving optic and stationary absorber according to 
some embodiments of the disclosed subject matter. 
0034 FIG. 10b depicts an arrangement of spherical GRIN 
lenses of a photovoltaic concentration system of the disclosed 
Subject matter that results in uncollected radiation. 
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0035 FIG. 10e depicts a compact packing of spherical 
GRIN lenses of a photovoltaic concentration system of the 
disclosed Subject matter that results in mutual shading. 
0036 FIG. 10d depicts a nominally stationary photovol 

taic module including a plurality of spherical GRIN lenses. 
0037 FIGS. 11a–11b depict focal spot of a spherical 
GRIN lens on the stationary absorber for a range of incidence 
angles, according to some embodiments of the photovoltaic 
concentration system of the disclosed Subject matter. 
0038 FIG. 12 depicts loss of collectible radiation for dif 
ferent focal length of a spherical GRIN lens, according to 
Some embodiments of the photovoltaic concentration system 
of the disclosed subject matter. 
0039 FIG. 13 depicts the dependence of the efficiency 
concentration characteristic on the focal length of a spherical 
GRIN lens, according to some embodiments of the photovol 
taic concentration system of the disclosed subject matter. 
0040 FIG. 14 depicts dispersion loss of a spherical GRIN 
lens for the polychromatic light of the full solar spectrum, 
according to Some embodiments of the photovoltaic concen 
tration system of the disclosed Subject matter. 
0041 FIG. 15 depicts misalignment sensitivity of a pho 
tovoltaic concentration system of the disclosed Subject mat 
ter. 

0042 FIG. 16a-c depicts the refractive index profile of an 
embodiment of spherical GRIN lens suitable for the photo 
Voltaic concentration system of the disclosed subject matter. 
0043 FIG. 17 depicts the refractive index profile of 
another embodiment of spherical GRIN lens suitable for the 
photovoltaic concentration system of the disclosed subject 
matter. 

0044 FIG. 18a-b depicts the refractive index profile of a 
further embodiment of spherical GRIN lens suitable for the 
photovoltaic concentration system of the disclosed subject 
matter. 

DETAILED DESCRIPTION 

0045. In one aspect, the disclosed subject matter provides 
new classes of GRIN lenses that can offer nominally perfect 
imaging. As used herein, “nominally perfect imaging” (which 
is used interchangeably with “perfect imaging”) as relating to 
a spherical GRIN lens means that the spherical GRIN lens is 
devoid of geometric aberrations for a given monochromatic 
light of the wavelength of interest. It is understood that chro 
matic aberrations due to dispersion can still exist in perfect 
imaging lens. 
0046. In some embodiments, the GRIN lens has a radially 
symmetric refractive index profile n(r), where r is the radial 
position within the lens and Osrs 1 (i.e., ris a distance between 
a point within the lens and the center of the lens relative to the 
radius of the lens, hence r has a reduced or dimensionless unit, 
and is unity at the surface of the lens). The n(r) satisfies the 
following: there exist r and r, 0<r.<r-1, such that n(0)in 
(r), n(r)-n(r), and n(r)>n(1). The n(r) as described accord 
ing to this condition encompasses a wide collection of refrac 
tive index profiles, which can be more readily appreciated 
when viewed in connection with the various illustrative 
examples, including the figures. The various parameters relat 
ing to the features of n(r) such as r, r, r, r, r1, r, C1, C2, 
etc., as described are radial positions along the spherical 
coordinate r, and are for identified in certain figures below for 
illustration only. It is appreciated that it is possible to identify 
Some of these parameters at different positions on the same 
n(r) profile as shown. 
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0047 AS disclosed herein, designing perfect imaging 
spherical GRIN lenses involves deriven(r) for a sphericallens 
in air (n=1 for air), that perfectly images an object comprising 
part of a spherical contour with radius r to a spherical contour 
image of radius r, as illustrated in FIG. 1 (FIG. 1(a): Sample 
ray trajectory through a perfect-imaging spherical GRIN 
lens, from a source point at r, to a target point at r. r denotes 
the closest point of approach to the origin. FIG. 1(b): A 
wavefront from a far-field source (r->OO) traced to a target at 
focal length F=r). Snell's law (equivalent here to the conser 
Vation of skewness K for a given ray along its entire trajectory 
5, 11) 

rncr).Sin(C)=k (1) 

(where C. is the polar angle along the ray), is combined with 
Fermat's principle of constant optical path length to obtain 
the governing integral equation 

I 2 = = f(e) where p(r) = n(r) (2) ... : k) Where is it 

rt rvo2 - 2 O 

l?e-1 K -1 K -l and f(k) = Sin - + Sin" - + 2Cos k0s Ks 1. 2 Fo i 

I0048. To solve Eq. (2), one multiplies both sides by dk/V 
(K-p), integrates from p to 1, and interchanges the order of 
integration to obtain: 

in Luneburg = exp(Cu(p, ro) + (op, ri)) where (op. S) (3) 

1 (' Sin() ck 

where n(r) is assumed to be continuous and invertible, with 
n(1)=1. The explicit solution cited by Luneburg was for r->OO 
and F=1: n(r)=V(2-r'), as shown in FIG. 2(b). 
0049 Fletcher 12 generalized the Luneburg's solutions 
to arbitrary focal length F with strictly numerical (rather than 
analytic) solutions. As used herein, the focal length of a 
spherical GRIN lens is the distance from the focus of the lens 
to the center of the lens sphere, expressed relative to the 
sphere's unit radius. Morgan 13 demonstrated that introduc 
ing a discontinuity in n(r) can relax the first and second 
constraints. FIG. 2 shows sample raytraces for perfect-imag 
ing spherical GRIN lenses. The refractive index profile n(r) is 
noted when expressible analytically. (a) Source and focus are 
diametrically opposite on the sphere's surface (Maxwell 
14). (b) Far-field source to a focus on the sphere's surface 
(F=1) (Luneburg 1). (c) Far-field source and arbitrary F 
12. In (a)-(c), the profiles were restricted to continuous 
functions, and required n(1)=1 as well as sizable An. (d)-(e) 
Morgan 13 demonstrated solutions when a homogeneous 
exterior shell is permitted (the interior profile is continuous), 
for arbitrary F, illustrated here for two distinct values of the 
exterior shell's index and thickness that yield the same F=1. 
74 as in part (c). FIG.3 show the n(r) profiles for the lenses in 
FIG. 2: (a) Maxwell's lens, (b) Luneburg's lens (F-1), (c) a 
completely continuum-profile lens of F=1.74 based on 
Fletcher 12; (d, e) two examples of a F=1.74 lens compris 
ing an outer uniform shell and an inner continuum distribu 
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tion (calculations based on Morgan 13) where the minimum 
n is well above unity and An is relatively small. 
0050. As noted above, Morgan introduced an extra degree 
of freedom of an outer shell of constant index ns, with a 
continuum interior profile. More generalized Morgan solu 
tions are provided below: Consider the far-field solution with 
a single discontinuity: a continuum core distribution up to 
radius a and a uniform outer shell. The governing integral 
equation of Morgan 13 (Eq. (4)) is: 

2 Kair K in K. O 1 (4) - = = arcsin- + arcsin K, Usks 
r' (k) rvp2 - k2 F 

where r is the smallest radius along that trajectory. The 
Solution for the continuum profile (0srsa) is: 

n = (1 fa) exp(Co(O, F) - O(p)) where (5) 

dk, 

K G()=. It is dr a rv p? - k? 

(Osps 1, Fel). The integrals in Eq. (5) can be computed 
numerically. Solutions exist provided Eq. (6) is satisfied: 

1 dr (6) 

arcsint)-2? rve2 - 1 

0051 FIG. 4 summarizes how n of the outer shell 
affects that layer's allowed thickness and F. As illustrated, 
Solutions with constant-index shells as suggested by Morgan 
can significantly raise the minimum refractive index to well 
above unity, e.g., to values above 1.2, and, simultaneously, 
reduce An from more than 0.4 (for the Luneburg lens) to less 
than 0.2. Suitable off-the-shelf solar-transparent materials— 
commonly available plastics and glasses that are also apposite 
for GRIN lens fabrication processes 3, 15 typically have 
refractive indices from ~1.3 to ~2, which can be accommo 
dated by the generalized solutions illustrated above. How 
ever, the solutions of n(r) above based on Morgan's constant 
index shell Suggestion only provided a limited Solution; there 
are other more generalized solutions that do not require the 
constant-index shell which afford more versatile design of the 
GRIN lens to afford perfect imaging. As will be shown below, 
perfect imaging can be achieved by, but does not limit to, a 
single continuum GRIN distribution; rather, it only requires 
that some finite region of the sphere comprise a continuous 
gradient index derived to achieve perfect imaging for the lens 
as a whole. Other regions of the lens can be prescribed or 
provided by a user, e.g., a core or shells of constant index, or 
with the refractive index being a specified function of r (lin 
ear, or non-linear (e.g., parabolic, logarithmic, polynomial, 
etc.)). Since the spherical GRIN lens can be fabricated from 
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discrete shells, the lack of continuity poses no problem in lens 
manufacture 2-4. In the following, several new classes of 
Solutions of n(r) are provided for perfect imaging spherical 
GRIN lens design that are amenable to realistic materials and 
fabrication techniques. Certain exemplary n(r) profiles, 
hereintermed as “champion designs, illustrate that the solu 
tions provided herein can satisfy the limitations of off-the 
shelf polymer technology with feasible scale-up: n, 1.44 
and n=1.57. 

0.052 For illustration and not limitation, many of the n(r) 
profiles described herein are suitable for the cases of practical 
interest for Sunlight previously deemed unattainable with 
existing, readily manufacturable, transparent materials. 
Examples are presented for spherical GRIN lenses that nomi 
nally attain perfect imaging because perfect imaging also 
implies attaining the thermodynamic limit to flux concentra 
tion 5, 11. The latter means that such Luneburg-type solar 
lenses would constitute single-element concentrators that 
approach the fundamental maximum for acceptance angle 
and for optical tolerance to off-axis orientation—at a pre 
scribed concentration (or vice versa). This also relates to 
averaged irradiance levels of the order of 10 now common in 
concentrator photovoltaics. Moreover, such GRIN lenses 
offer a unique solution for achieving nominally stationary 
high-irradiance Solar concentration, as will be more fully 
described below. 

0053. In some embodiments of the disclosed subject mat 
ter, n(r) of the perfect imaging spherical GRIN lens can 
accommodate an arbitrary lens surface index N=n(1). To 
obtain n(r), Eq. (2) can be rewritten as 

g f (Sin () + Sin' () +2Sin' () -2Sin' (k)) (7) 
Osks N 

(note the revised domain for K). The last two terms in Eq. (7) 
stem from the two extra refractions at the lens Surface. Using 
the Substitution d(ln(r)) -dg(p)/dr=-g'(p) yields an Abel 
integral equation: 

('g' (p)Karl f(k) (8) 
k Vo2 - 2 2 

which has the solution 

1 (N f(k)d K 
n(p) = N ex: (). Jo rvk2-p2 

0054 An example of this solution for a lens with N=1.1, 
F=1.1 and a far-field source is shown in FIG. 5 (FIG. 5(a) 
shows the solution of the n(r) profile; and 5(b) shows ray 
traces of several paraxial rays. As illustrated, there exist rand 
r, in this profile, such that n(0)>n(r), n(r)>n(r), and n(r) 
>n(1) (also n(0)>n(r), and n(1)>1). Although the derivations 
presented here relate to the general near-field problem (arbi 
trary r and r), the illustrative examples pertain to the far 
field problem, e.g., relevant to Solar concentrator applica 
tions. 

0055. In some embodiments of the disclosed subject mat 
ter, the perfect imaging GRIN lens can have a sizable core of 
Substantially constant refractive index (e.g., made by a 
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homogenous material), whose radius can be ranged in about 
0.05 to about 0.95 of the radius of the lens, or about 0.1 to 
about 0.5 of the radius of the lens, or other sizes as desired or 
required by the manufacture technology or constraint. Such 
sizable core of constant refractive index makes it feasible to 
manufacture the spherical GRIN lens having the precise and 
robust GRIN profiles as designed to achieve perfect imaging. 
As used herein, the phrase “substantially constant as relating 
to the refractive index of a portion of the GRIN lens (e.g., a 
“constant-index core” or a “constant-index shell’) means that 
the variation of the refractive index in the defined range ofr of 
the portion does not exceed 0.001. In certain embodiments, 
the variation of refractive index can be Smaller, e.g., Smaller 
than 10. 
0056. As disclosed herein, the n(r) profile having a con 
stant-index core region can be obtained as follows. With the 
boundary condition n(1), a value for the effective aperture A 
is selected, along with the desired values of F and n(0), as 
shown in FIG. 6. As used herein, the aperture of a spherical 
GRIN lens refers to the cross-section diameter of the active 
irradiation surface (the portion of the sphere surface for 
receiving the incidence light) divided by the diameter of the 
lens sphere. Both full aperture (A=1) and non-full aperture 
(A-1) can be used as the input herein. Although non-full 
aperture was explored by Sochacki 16 in investigation of 
Luneburg-type lenses, Sochacki’s requirement that n(r) be a 
Smooth function and his narrow parameter space that 
excluded full-aperture lenses severely restricted the available 
Solutions. 
0057 Given the input parameters, the governing equation 
becomes: 

f(k) (9) 
| EP = - - Osks. A 
N V p2 - k2 f(k) A sks N 

2 

where 

f(k) = Sin() + Sin () +2Sin () -2Sin(K) 
i 

0.058 and f'(K) remains to be determined in the analy 
sis that follows. 

0059. As before, the solution follows from multiplying 
both sides by dk/V(K-p’), integrating from p to N, and 
interchanging the order of integration: 

1 N 
Nescop. r1, A) + (o(p, ro, A) + 2CO(O, N., A) - 2co(p. 1, A) + i? 
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Eq. (10) can be recast as 

and, rearranging 

it. 

Int") - Co(O, r1, A) + (o(p, ro, A) + 
2Co(O. N., A) - 2co(p. 1, A) 

where 

Sin() 
Co(O. A. S) = t Q V - d. 

and n(p) is constant for the range Ospsp (the constant-index 
core) where psA. 
0060 Hence, one needs to solve an integral equation with 
constant limits of integration, known as a Fredholm integral 
equation of the first kind. Solutions are difficult to find 
because Such integral equations are commonly ill-posed and 
singular 17, 18. Before invoking methods that might yield a 
closed-form solution (19. Eq. (11) can be solved numeri 
cally. One starts by assuming the Solution can be represented 
aS 

f(k) =X w.e. (K). (12) 

(In the examples here, Lagrange polynomials are employed, 
but the selection can be expanded to other representations.) 
Substitution of Eq. (12) into Eq. (11) yields 

N X wipi (K) (13) 
i? f(k) d 1 X d K - K 

JA VK2-p2 "J, V2-p2 

1 ? 20-d : - w; K. 

'4. A V2-p2 

Upon proper discretization of the domain of K, Eq. (13) 
becomes a system of linear equations: 

Bw-g (14) 

where the unknowns are the weights w, in Eq. (12). 

(10) 
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0061. As noted by Twomey 20, Phillips 21 demon 
strated that the exact solution obtained when Bw-g is solved 
is almost always poor and often disastrously so—in the sense 
that the solution oscillates or displays some other feature 
which conflicts with a priori knowledge. Accordingly, the 
numerical techniques suggested by Twomey and Phillips can 
be adopted here, with the solution given by 

where * denotes matrix transposition, B is an arbitrary num 
ber usually in the range 0 to 1, and the matrix H can have 
various representations 20. Examples with Smooth (non 
oscillating) solutions can be presented by following Phillips 
procedure (and hence H matrix): 

1 -2 1 0 0 (16) 

-2 5 - 4 1 O ... 

1 -4 6 - 4 1 O ... 

H = O 1 -4 6 - 4 1 O 

O 1 -4 6 -4 1 

O 1 -4 5 -2 

0 0 1 -2 1 

Only physically inadmissible solutions are rejected, e.g., 
multi-valued functions with more than one value of n(r) for a 
given value of r. 
0062. The derivation required for a third-order Lagrange 
polynomial is presented herein, but the technique can be 
expanded to any order polynomial approximation or alterna 
tive interpolation technique (splines, Hermite polynomials, 
etc.) 22: 

K - Kill K - Ki-2 K- K-3 (17) w; + 
Ki Ki Ki - Ki-2 Ki - K-3 

K-K; K-K-2 K - Ki-3 
Wi 

Ki Ki Ki Ki-2 K-1 - K-3 

K-K; K - Kill K - Ki-3 
w;2 + 

Ki-2 Ki Ki-2 Ki Ki-2 - K-3 

K- K. K - K-1 K - K-2 

Ki-3 - Ki Ki-3 - Ki Ki-3 - Ki-2 

Equation (17) is inserted into Eq. (13) and integrated over K. 
A proper discretization of the free variable p and the dummy 
variable K results in an algebraic system of equations in the 
form of Eq. (14) from which one then retrieves the factors w. 
as well as f"(K) through Eq. (12). Finally, inserting f"(K) 
into Eq. (10), a smooth n(r) is obtained. Alternatively, the 
matrix B can be directly inverted (actually, pseudo-inverted 
due to its poor rank) to obtain oscillatory Solutions. Then, 
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with Luneburg's basic integral equation transformation 1. 
one emerges with the corresponding n(r). 
0063. The solutions for the constant-index core are not 
exactly constant, but rather oscillate with a magnitude of 
order 10 to 10 around the nominally constant n(0). Ray 
tracing verifies that the solutions for the core can basically be 
treated as constant values. Finally, observing that the Solution 
in Eq. (10) is everywhere continuous implies f"(B)=f 
(B)—a condition that needs to be implemented in the solution 
of Eqs. (14)-(15). Note that the actual n(0) and the core's 
radial extent emerge as part of the Solution. Namely, an initial 
guess of n(0) can serve as an input parameter, but the Solution 
can iterate to a different final value. 
0064. In the following, an exemplary spherical GRIN lens 
having an extensive constant-index core and a prescribed 
Surface index is obtained. The aim here is to achieve a con 
stant-index core that comprises a Substantial fraction of the 
lens radius, with a given surface index N=1.555, A=0.97, 
F=1.71 and p-0.12 (with grid linear partitions of 18 nodes 
for K, 15 nodes for p, and B=1). Three distinct solutions for the 
same input parameters are shown in FIG. 7, which shows the 
influence of (a) the initial guess for n(0), and (b) the smoothed 
vs. oscillatory calculational procedure. The Solution based on 
the pseudo-inverse of the matrix B in Eq. (14) exhibits oscil 
latory behavior that would render lens fabrication problem 
atic (the other two solutions were generated with the smooth 
ing technique depicted above), but has the advantage of 
admitting a lower An (low enough, in fact, to qualify as a 
champion design). All three profiles yield the same perfect 
imaging. As illustrated, there exist r, and r, in the top profile 
(as well as in the other 2 profiles), such that n(0)>n(r), 
n(r)>n(r), and n(r)>n(1)(also n(0)<n(r), and n(1)-1). Fur 
ther, there exist C as shown, such that when 0<rsC, the 
refractive index is substantially constant. 
0065. In the following example, a spherical GRIN lens 
having a constant index in both the core and the outer layer is 
provided. Inspection of Eq. (10) reveals that if f'(K)=const, 
then n(p) const for AspsN. Hence, imposing this condition 
in the numerical Solution presented previously can yield solu 
tions with both a constant-index core and a constant-index 
outer layer. The governing equation is rewritten as 

(18) 
2 Osks A1 

k p -- 

A = f(k) A sks A2 N Vo2 - 2 2 
-- 

fiel A2 sks N 

where the function f'(K) is determined as part of the solu 
tion, and the function f'(K) follows from the prescribed 
outer shell (e.g., for a constant-index shell, f'(K)=0, which 
yields n(p)=N for AspsN). Eq. (18) is solved by 

N (p, r1, A1) + (o( A.)+2up, N.A.)-2up, 1, Art? f(k) d i? f(k) dos 3. A (19) exp(OO, i, A) + (OO, 0, Al (O(O, W., A) - Z(OO, I, Al - OK - OK sps. A 
A1 t w k2 - p? A2 TV k2 - p? 

A2 f(k) N f(k) n(p) = Nes? - = d K+ --- d. K A 1 sps A2 
(p p tv k2 - p? A2 it w k2 - p? 

W -- 

Nes f(k) d A2 sps N p it wre-p2 
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and the resulting n(r) is illustrated in FIG. 8 (which depicts 
n(r) for a lens that include a constant-index outer shell and a 
Substantially constant index core. Lens input parameters are 
F=1.680, A=0.900, A=1.423 and N=1.573. This solution 
(based on the Smoothing calculational method described 
above) has n(0)=1.534 extending over a core radius of 0.33). 
As illustrated in FIG. 8, there exist randr, in the profile, such 
that n(0)-n(r), n(r)-n(r), and n(r)-n(1) (also n(0)<n(r), 
and n(1)>1). Further, there exists C, as shown, such that when 
0srs.C., the refractive index is Substantially constant (and 
there also exists rd, Car-1, and n(r)-n(C)). In addition, 
this profile also includes r, for r-r-1 (i.e., r <rr in this 
particular case), the refractive index is constant (predefined). 
0066. The Fredholm Eq. (11) possesses a closed-form 
Solution. Applying the transformation 

:= p, (20) 

(p(p) = log")-op, r1, A) + 
Co(O, ro, A) + 2CO(p, N., A) - 2co(p. 1, A), 

Eq. (11) becomes a singular integral equation 

where 

A = A°, 

N = N* 

for which the closed-form solution is 

if I Ald S. 2 dit JA Vs -u 

(22) 
dis + 

Y(K) is then found by numerically by evaluating the deriva 
tives and integrals in Eq. (22). The singularities that appearin 
the evaluation of the integral can be treated numerically with 
Matlab's quadgk function 23. 
0067. An extra condition is needed to produce smooth 
Solutions: 

f" (A) = Sin () -- Sin () -- 2Sin () -2Sin(A). (23) 
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In the discretized calculational grid, the first two values off 
might need to be equated to f'(A), or a similar heuristic 
scheme can be found to produce a solution that is Smooth and 
physically admissible. 
0068. Using the closed-form approach, a sample solution 
for a far-field source, F=1.5 and A=0.75 is obtained with a 
constant-index core up to r-0.3, which is graphed in FIG. 9a. 
If one requires a full effective aperture A-> 1, then N needs to 
be raised substantially (Na2) in order to maintain a constant 
index core. Although the full-aperture Solutions generated 
with this technique exhibit both a considerably higher n, 
and a lower Anthan the original Luneburg method (FIG.9b). 
they need a coarse discretization in evaluating the integrals in 
Eq. (22). For this specific example, a 3-point equal-spacing 
discretization was used in the numerical integrations. 
0069. The new classes of GRIN solutions point to an infi 
nite number of previously unidentified solutions that can now 
realistically be implemented for optical frequencies. Cur 
rently available techniques and materials can be used to fab 
ricate the spherical GRIN lens having the n(r) profiles pro 
vided herein. For example, polymeric or glass materials can 
be used to fabricate the GRIN lenses; the refractive index of 
the materials can be in the range of 1.1 to 2.0, with variation 
of the refractive index across the lens being less than 0.3, or 
even smaller (e.g., smaller than 0.13). The methods for manu 
facturing GRIN lenses as disclosed in U.S. Pat. Nos. 6,582, 
807 and 7,002,754 (as well as references 2-4) can be used; 
the disclosures of these patents are incorporated herein by 
reference in their entireties. The progressive refractive index 
profile of the fine-layered structure of the spherical GRIN 
lens manufactured based on these techniques can Sufficiently 
approximate the continuous n(r) as provided Such that the 
GRIN lens can produce perfect imaging. 
0070 Further, the flexibility of accommodating ranges of 
refractive index previously viewed as intractable based on 
existing GRIN optical analyses can also open new Vistas in 
infrared imaging and concentration at Such time as manufac 
turable materials become available. 

0071. In another aspect, the disclosed subject matter uti 
lizes spherical GRIN lens and/or perfect imaging to provide 
workable solution to the nominally stationary CPV system. 
Perfect imaging is an instance where imaging and nonimag 
ing objectives coalesce because perfect imaging is non-trivi 
ally synonymous with attaining the fundamental limit to con 
centration 5, 11. Recognizing that perfect imaging cannot 
be realized with a finite number of optical elements, and that 
an optic comprising many reflectors is impractical, the dis 
closed subject matter utilizes GRIN lens as the optic partly 
due to the fact that its refractive index distribution is a nominal 
continuum. Further, the disclosed subject matter provides 
GRIN lenses for nominally stationary solar concentrators that 
are amenable to realistic materials and fabrication technolo 
gies. 
0072. In reference to FIG.10a (which is drawn not to scale 
and for illustration purpose only), the disclosed subject matter 
provides a system for photovoltaic Solar concentration, which 
includes: a stationary absorber, e.g., a photovoltaic cell (e.g., 
solar cell) 110, a spherical gradient index (GRIN) lens 120 as 
the optic, wherein the photovoltaic cell is placed at a distance 
from the center of the GRIN lens, the distance being equal to 
the focal length of the GRIN lens for the sun, and a tracking 
device 130 operatively coupled to the GRIN lens, the tracking 
device capable of moving the GRIN lens along the surface of 
a virtual sphere 140 to track the trajectory of the sun (not 
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shown) while maintaining the distance. An associated method 
of utilizing Solar energy is also provided, which includes 
placing a photovoltaic cell at the focal length of a spherical 
GRIN lens, and moving the GRIN lens to track the trajectory 
of the Sun while maintaining the distance. During moving the 
GRIN lens, the photovoltaic cell is kept stationary. 
0073. As illustrated in FIG. 10a, the system can further 
include a backing plate 114 (which can serve as, or includes 
a heat sink) have a surface to which and the photovoltaic cell 
is affixed (e.g., thermally bonded). As illustrated in FIG. 10d. 
a plurality of GRIN lens, along with the backing plate and the 
tracking device(s), can be enclosed in a housing 150, e.g., 
hermetically, to form a nominally stationary module (that is, 
only the optic is moved by the tracking device to track the Sun, 
while the module as a whole remains stationary). The nomi 
nal stationarity of the module can result in an ostensible loss 
in collectible energy of ~30% (annual average, clear climate, 
mid-latitude) because either spacing the lenses results in 
uncollected radiation (as shown in FIG. 10b), or the lenses are 
closely packed and incur mutual shading (as shown in FIG. 
10c). However, the loss of collectible energy would not pose 
a significant challenge for the practicality or usefulness of the 
system, as will be further discussed below. 
0074. In the photovoltaic system, the size of the GRIN lens 
can be selected according to practical requirement, Such as 
the desired dimension of the Solar module, the packing den 
sity of the GRIN lens, as well as the size of the solar cell used. 
As will be further discussed below, the geometric concentra 
tion C of the system (the ratio between the squared diameter 
of the GRIN lens and that of the solar cell) can be selected up 
to about 30000. However, to provide compromise between 
Solar concentration and misalignment tolerance and due to 
other practical considerations, the geometric concentration 
can be selected between 1000 and 2000. For example, at 
geometric concentration Cs1300, for a 1 mm diameter solar 
cell, the GRIN lens can be about 36 mm in diameter. Com 
mercially available accuracy microtrackers can be used as the 
tracking device. 
0075. As the solar cell of the system remains stationary 
while the GRIN lens is moved, the focal spot does not remain 
circular, but changes with incidence angle. The focal spot 
projected onto the cell can vary from a minimal disc at normal 
incidence to an elliptical area that increases with Solar inci 
dence angle, as illustrated in FIG. 11. FIG.11(a) depicts focal 
spot on the static planar absorberat incidence angles 0 from 0 
to 60° (-8 hr/day of solar beam collection) illustrated for 
F=1.74; FIG.11(b) shows enlargement restricted to 0–0-50°. 
Substantial power density dilution is required only at the very 
largest incidence angles. 0.5 mrad. Such variation of the 
focal spot projection engenders a tradeoff between collection 
efficiency and concentration. For given F and 0, these 
results are independent of the particular n(r) because they all 
yield the same imaging properties. (The target flux maps are 
non-uniform, but the inhomogeneities are of minor conse 
quence for current concentrator cells, as elaborated below.) 
0076. The collection efficiency also depends on F. At short 
F, a sizable fraction of collectible radiation strikes the under 
side of the absorber and hence is unutilizable. Completely 
avoiding this loss requires FV3 (see FIG. 12). (F values of at 
least ~1.74 are also needed in order to avoid the lens trajectory 
not intersecting the static plane of the absorber). Thus, in 
certain embodiments, the focal length of the GRIN lens is 
selected to be greater than 1.73. 

Mar. 20, 2014 

0077 Although the stationary high-concentration mod 
ules described herein can incur loss in the averaged incidence 
angle cosine, eliminating massive precision tracking of large 
arrays in favor of precision cm-scale lens tracking inside the 
modules makes the stationary system valuable and opens the 
possibility of rooftop CPV. 
0078 Daylong collection was evaluated by averaging over 
incidence angles from 0 to 60°, with the largest value— 
corresponding to ~8 hr?day of collection—chosen based on 
considerations of excessive mutual shading inside the mod 
ule. (The Solar input was also energy-weighted at each inci 
dence angle and averaged over the year, based on typical 
clear-day mid-latitude Solar beam radiation, and found neg 
ligible changes relative to taking the simple time-weighted 
average.) Lens design and performance evaluation are based 
on monochromatic radiation at mid-spectrum. Representa 
tive dispersion losses (somewhat case-specific based on the 
materials chosen for lens fabrication) are quantified as shown 
in FIG. 14. 
0079 Characteristic curves of collection efficiency versus 
geometric concentration C (relative to C) were generated 
by raytrace simulation for a range of F. (Collection efficiency 
here omits Fresnel reflections and absorption, for the lens and 
module cover glazing, which are readily quantified, and 
depend on whether anti-reflective coatings are applied.) 
0.5 mrad was adopted, based on its being achievable in 
miniaturized Solar concentrators 24. (0.7 mrad has been 
realized in large-scale CPV systems with massive dual-axis 
trackers 8.) The plots in FIG.13 (showing the dependence of 
the efficiency-concentration characteristic on F) were also 
found to be insensitive to 0 as large as 10 mrad (provided 
the abscissa remains relative concentration C/C), which 
effectively incorporates non-negligible random errors in the 
thickness and exact refractive index of the spherical shells in 
the GRIN lens. 
0080. To gauge realistic design conditions and to evaluate 
CPV optical performance, it is first noted that today’s con 
centrator cells exhibit efficiencies that peak at irradiance val 
ues not exceeding ~10 suns 7, 25-29). At 0.5 mrad and 
F=1.74, C.s 13,000, so C=1,300 corresponds to C/C-0. 
1. The geometric collection efficiency is then 98% (FIG. 13). 
In addition, achieving Substantial optical tolerance to off-axis 
orientation (e.g., a tolerance half-angle 0-1) mandates 
designing for 0, well below 0, which in turn means C/C 
values substantially below unity 30. 
I0081 Concentration can be increased to ~4,000 (conceiv 
ably germane for future ultra-efficient ultra-small solar cells) 
at only 5% ray rejection. Even in the extreme case of 0-10 
mrad (so that C=1,300 corresponds to C/Cs0.4), the geo 
metric losses are only 7%. The results summarized in FIG. 13 
allow the estimation of collection efficiency for essentially all 
concentration values of interest, and sharpen the high-collec 
tion potential of spherical GRIN lenses even in the nominally 
stationary strategy portrayed here. 
I0082. As an example of the key dimensions becoming 
viable when commercial miniature cells are used, consider 
cell and lens diameters of 1 and 36 mm, respectively (C=1, 
300) in a square 2.5 m module -65-70 mm deep (glazing, 
heat sink and internal micro-tracker included). The internal 
lens tracking requires a clearance of ~1.5 lens radii: a dead 
space of ~27 mm on each edge of the module’s periphery, 
corresponding to ~3% of the module’s gross area (in addition 
to the packing loss of- 11% for spheres in a plane). The lenses 
(polymeric layers of density ~1 g/cm3, 15), would then 
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comprise a mass of ~15 kg per m of module aperture (to 
which an extruded aluminum micro-tracker assembly would 
add ~5 kg). 
0083 Chromatic aberration (dispersion loss) was evalu 
ated using an AM 1.5D Solar spectrum and a Cauchy-type 
dispersion relation based on the measured properties of rep 
resentative materials 31 plotted in FIG. 14 (showing 
quantifying dispersion losses, where efficiency-concentra 
tion curves were generated based on the nominally mono 
chromatic wavelength used for designing the lens, and then 
based on the AM1.5D solar spectrum. The vertical indicator 
at C/C, 0.1 indicates that dispersion losses would basi 
cally be negligible for current practical CPV designs). Not 
unexpectedly, dispersion losses increase with focal length 
and with concentration, but are far lower for GRIN lenses 
than for conventional homogeneous lenses. For example, at 
F=1.74 and C=1,300 the dispersion loss is only 1%. Unlike 
conventional lenses where chromatic aberration amplifies an 
intrinsically aberrated optic, the spherical GRIN lens starts 
aberration-free (geometrically) so that dispersion imposes a 
near-negligible loss (unless concentration approaching C 
is required). 
0084 FIG. 15 quantifies sensitivity to absorber misalign 
ment (or equivalently, a systematic error in the internal track 
ing motion of the lenses) (absorber displacement is in units of 
the minimum (0-0) focal spot radius R; for the illustrative 
CPV scenario with C=1300 and C/C-0.1 (the vertical 
dotted line), R=0.15 mm). Efficiency-concentration curves 
were generated for a given translation of the absorber from its 
intended position in a F=1.74 system. For perspective, con 
sider Cas 1,300 (C/Cs0.1) with a solar cell 1 mm in diam 
eter (so the lens diameter is ~36 mm). The focal spot is 
noticeably smaller than the cell for most of the daily collec 
tion period. As a consequence, even sizable displacements 
result in a ray rejection of only ~1-2%. Given the tolerance 
and robustness of current high-efficiency concentrator Solar 
cells to markedly inhomogeneous flux maps, this result Sug 
gests the nominally stationary system has exceptional toler 
ance for optical errors with tracking by internal tracking 
devices. 
0085. Nominal stationarity comes at the price of a yearly 
averaged cosine of the incidence angle less than unity, to with, 
-0.7 for a clear mid-latitude location 6 —a compromise 
unrelated to the optics. Close-packed lenses would incur 
~30% shading within the module, or one could markedly 
reduce shading by spacing them and accepting that ~30% of 
the intercepted radiation misses the lenses as in FIGS. 10b 
and 10c (or intermediate arrangements). 
I0086. In addition, high concentration forgoes acceptance 
of diffuse radiation 5, 6. Stationary non-concentrating Solar 
collectors benefit from diffuse collection, whereas the con 
centrators described herein collect essentially none (common 
to all CPV). 
0087. The absorber flux maps are non-uniform most 
pronounced at normal incidence when the projected focal 
spot is smallest (FIG. 11). In principle, flux inhomogeneity 
augments Solar cell series resistance losses. However, current 
commercial concentrator cells have exhibited efficiency 
decreases not exceeding measurement uncertainties at flux 
localization as acute as a few hundred percent 27-29. 
0088 For square (as opposed to circular) cells one 
approach is inscribing the design focal spot within the square 
and reducing averaged concentration by a factor of JL/4— 
especially given the relative ease of attaining high irradiance 
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Such that avoiding a further loss in collection efficiency is 
paramount. The slight worsening in flux uniformity does not 
noticeably diminish the efficiency of the cells, and realizing 
concentration values of order 10 would not be compromised. 
When flux uniformity is critical, kaleidoscopes 27 and 
Köhler integrators 32 can be added. Moreover, passive heat 
sinks can maintain cell temperatures at no more than ~20-30 
Kabove ambient temperature, at irradiance levels of thou 
sands of suns, even with marked flux non-uniformities 27 
29, 33. 
I0089 Cost projections for the eventual mass production of 
the specific optical and internal tracking components por 
trayed here are approximate. The processed polymeric mate 
rials typically cost no more than a few USS per kg hence 
below USS100 per m of aperture for modules of the type 
previously described. Automated fabrication costs of the 
order of USS0.1 per lens when billions are required (for 
GW-level power generation) are not unreasonable, amount 
ing to roughly US$100 perm of module aperture. Working 
experience with the types of precision delta robotic systems 
that would comprise the internal micro-tracker indicates that 
large-volume production at ~US$100 perm of module aper 
ture is not unfeasible. 

0090. For photovoltaic concentration application, any of 
the spherical GRIN lens as described above that have focal 
length not Smaller than 1 can be used, including the lenses that 
have constant-index core, constant shell or other profile hav 
ing user-prescribed portion(s). A few examples of champion 
design of spherical GRIN lens are given below. They include 
truncated lenses that can obviate packing losses in Solar mod 
ules without introducing incremental losses in collection effi 
ciency and achieve a flux concentration s30000 (previously 
deemed unachievable with a single lens). Dispersion losses 
(due to a wavelength-dependent refractive index) were evalu 
ated based on an AM1.5D solar spectrum and a Cauchy-type 
dispersion relation for the measured properties of represen 
tative polymer materials 2-4, for lenses designed based on 
the refractive indices at a wavelength of 633 nm. Unless 
otherwise noted, all the refractive index values as referenced 
in this application are based on this wavelength. 
0091. Designing for A-1 allows truncation of the lens in a 
form that eliminates packing losses in a typical rectangular 
module, at no incremental loss in collection efficiency— 
Suitable for dual-axis tracking concentrator photovoltaics. 
FIG. 16 presents one champion design that also includes a 
constant-index core. FIG. 16(a) shows n(r) for a spherical 
GRIN lens suitable for solar concentrator, with F=1.7 and 
A=0.65; 16(b) shows efficiency-concentration curve charac 
terizing lens performance. The geometric efficiency does not 
account for material-related Fresnel reflection and absorp 
tion, which are case-specific and readily incorporated. The 
abscissa refers to concentration C relative to the thermody 
namic limit C={A/(F Sin(0)} which in this case is 
5847. A realistic concentrator design that accounts for liberal 
optical tolerance to off-axis orientation augurs designing for 
Cs 1500 30 for which C/C-0.26 and the geometric col 
lection efficiency is basically 100%; 16(c) shows raytrace 
simulation (LightTools(R, Synopsys Inc.) with a polychro 
matic, extended Solar source (5 mrad effective Solar angular 
radius 0, comprising the intrinsic solar disc convolved with 
lens inaccuracies), illustrating how a non-full aperture GRIN 
solution can be “shaved' (i.e., the spherical caps of the lens 
outside of the aperture is symmetrically truncated, resulting 
in two (upper and lower) flat surfaces) at no loss of collectible 
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radiation. 50000 rays uniformly distributed spatially and in 
projected Solid angle were traced for each of 12 wavelengths 
spanning the Solar spectrum. 
0092 FIG. 17 illustrates the n(r) of another champion 
design (F=1.32 and A=0.985, the latter incurring a 3% loss of 
collectible radiation because of collector stationarity). Geo 
metric collection efficiency=95% at C=1500 (C=1500 is cho 
Sen to provide liberal off-axis tolerance based on C-22, 
730) integrated over the full 100° acceptance angle, including 
losses due to the polychromatic and extended Solar source. If 
for convenience one approximates n(r) as constant over 
0<rs0.15, the lens performance is essentially unaffected. 
0093 FIG. 18 presents a further champion design whose 
n(r) can produce a solar flux concentration exceeding 30000 
at the center of its focal spot—an irradiance level heretofore 
deemed unattainable with a single lens for broadband radia 
tion. (FIG.18a shows the n(r) profile for F=1.09 and A=0.99, 
for which C-33000; FIG. 18b shows raytrace for an 
extended, polychromatic Solar source.) Although dispersion 
losses result in some of the radiation falling outside the ultra 
high irradiance region, it is demonstrated here that Such enor 
mous flux densities can be produced at all—of value in nano 
material synthesis and concentrator Solar cell 
characterization 34. 
0094. The high performance potential of the optical strat 
egy discussed here can also apply to 2D systems, i.e., line 
focus cylindrical GRIN lenses, albeit with attainable concen 
tration being roughly the square root of the 3D values. The 
efficiency-concentration characteristics can be slightly better 
because the dilution of absorber power density is less pro 
nounced in 2D. Alternatively, hemispherical GRIN lenses 
with suitable refractive index profiles can also be used for 
Solar modules, which can be an integral part of the planar 
cover glazing. With current and projected CPV applications 
focusing on concentration levels from hundreds to the order 
of 10 suns, detailed analyses were restricted here to 3D 
systems. 
0.095 Solar concentrators described herein can also be 
used to focus light on an optical fiber and deliver natural light 
for indoor lighting applications. They can further be com 
bined with a cylinder with the same gradient index of refrac 
tion and offer two-dimensional Solar concentration by focus 
ing light on a strip close to the thermodynamic limit of Solar 
concentration, and thus would be suitable for solar thermal 
applications. 
0096. The spherical GRIN lenses as described herein can 
also be used in the non-stationary system currently being 
used. Accordingly, a system for photovoltaic Solar concentra 
tion is provided, which includes an absorber including a pho 
tovoltaic cell having a light receiving Surface; a spherical 
GRIN lens, wherein the photovoltaic cell is placed at a dis 
tance from the center of the GRIN lens, the distance being 
equal to the focal length of the GRIN lens for the sun, and a 
tracking device operatively coupled to the GRIN lens and the 
photovoltaic cell, the tracking device being capable of mov 
ing the GRIN lens to track the trajectory of the sun and 
moving the photovoltaic cell such that the line connecting the 
center of the GRIN lens and the center of the sun is always 
normal to the light receiving Surface of the Solar cell. Again, 
in this system, the GRIN lens can be a nominally perfect 
imaging GRIN lens, or any of the various GRIN lenses 
described above. 
0097. Besides photovoltaic concentration, the various 
above-described spherical GRIN lenses can be used in a wide 
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array of applications, for example, they can be incorporated 
as an optic component of one of an imaging System (e.g., an 
infrared imaging system, a camera, a microscope, a tele 
Scope), an illumination system, and other devices where high 
concentration of light, short focal length, and perfect imaging 
are desired or needed. They can also be used in applications 
where the role of object and image (source and target) are 
interchanged relative to the flux concentration applications, 
Such as a collimator. 
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I0133. The description herein merely illustrates the prin 
ciples of the disclosed subject matter. Various modifications 
and alterations to the described embodiments will be apparent 
to those skilled in the art in view of the teachings herein. 
Further, it should be noted that the language used herein has 
been principally selected for readability and instructional 
purposes, and can not have been selected to delineate or 
circumscribe the inventive subject matter. Accordingly, the 
disclosure herein is intended to be illustrative, but not limit 
ing, of the scope of the disclosed Subject matter. 
What is claimed is: 
1. A spherical gradient index (GRIN) lens having a radius 

and a radially symmetric refractive index profile n(r), wherer 
is the radial position within the lens and 0<rs 1, wherein n(r) 
satisfies the following: there exist r, and r, 0<r,<r,<1. Such 
that n(0)>n(r), n(r)>n(r), and n(r)-n(1). 

2. The spherical GRIN lens of claim 1, wherein further 
n(0)-n(r). 

3. The spherical GRIN lens of claim 1, wherein further 
n(0)<n(r). 

4. The spherical GRIN lens of claim 1, wherein further n(r) 
is substantially constant for Osrs.C., wherein C is a real 
number from about 0.05 to about 0.95. 

5. The spherical GRIN lens of claim 1, wherein further 
there exists r, where r<r.<1, Such that n(r) over the range of 
rsrs 1 is Substantially constant. 

6. A spherical gradient index (GRIN) lens having a radius 
and a radially symmetric refractive index profile n(r), wherer 
is the radial position within the lens and 0<rs1 wherein n(r) is 
Substantially constant in the range of 0srs.C., wherein C is a 
real number from about 0.05 to about 0.9. 

7. The spherical GRIN lens of claim 6, wherein C is from 
about 0.1 to about 0.6. 

8. The spherical GRIN lens of claim 6, wherein further 
there exists r, C-r-1. Such that n(r)-n(C). 

9. The spherical GRIN lens of claim 8, wherein further 
n(r)>n(1). 

10. The spherical GRIN lens of claim 6, wherein further 
n(1)-1. 

11. The spherical GRIN lens of claim 6, wherein further 
n(r) has a maximum value n., and a minimum value in 
and wherein the n-nos0.3. 

12. The spherical GRIN lens of claim 11, wherein n 
nso.13. 

13. The spherical GRIN lens of claim 11, whereinn is in 
the range of from about 1.4 to about 2. 

14. The spherical GRIN lens of claim 11, wherein the entire 
n(r) over the range of Osrs 1 is mathematically derived from a 
given set of input parameters including an aperture of the lens, 
a desired focal length of the lens, and n(1), such that the 
spherical GRIN lens as a whole produces nominally perfect 
imaging. 

15. The spherical GRIN lens of claim 1, wherein n(r) 
includes at least two portions depending on r: 

(1) a user prescribed portion for risrsr, wherein r and 
re(0,1); 

(2) a portion for 0<r-r and r<r-1, where n(r) is math 
ematically derived from a set of input parameters includ 
ing an aperture of the lens and a desired focal length of 
the lens such that the spherical GRIN lens as a whole 
produces nominally perfect imaging. 

16. The spherical GRIN lens of claim 15, wherein the user 
prescribed portion is a constant over risrsr. 

f ri 
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17. The spherical GRIN lens of claim 15, wherein the user 
prescribed portion is a linear or non-linear function over 
rsrsra. 

18. The spherical GRIN lens of claim 15, wherein 
0<r-C, C is a real number in the range of about 0.6 to about 
0.95, and r-1. 

19. The spherical GRIN lens of claim 1, made of one or 
more materials whose refractive index is in the range of about 
1.1 to about 2.0. 

20. The spherical GRIN lens of claim 1, made of one or 
more polymeric materials. 

21. The spherical GRIN lens of claim 1, having an aperture 
of smaller than 1. 

22. The spherical GRIN lens of claim 21, wherein spherical 
caps of the lens outside of the aperture is symmetrically 
truncated. 

23. The spherical GRIN lens of claim 1 having a focal 
length greater than or equal to 1 relative to the radius of the 
GRIN lens. 

24. The spherical GRIN lens of claim 1 having a focal 
length smaller than 1 relative to the radius of the GRIN lens. 

25. The spherical GRIN lens of claim 1 that produces 
nominally perfect imaging. 

26. The spherical GRIN lens of claim 1, incorporated as an 
optic component of one of an imaging system, a camera, a 
microscope, a telescope, a collimator, and an illumination 
system. 

27. A method for obtaining a radially symmetric refractive 
index profile n(r) of a spherical GRIN lens having a radius, 
where r is the radial position within the lens and 0<rs 1, the 
method comprising: 

providing a value for each of a set of input parameters 
including n(1), a focal length of the lens and an aperture 
of the lens; and 

using a computer apparatus, numerically determining n(r) 
based on the provided values for the set of input param 
eters, such that the lens produces nominally perfect 
imaging. 

28. The method of claim 27, wherein the value provided for 
the refractive index of the surface of the lens is greater than 1. 

29. The method of claim 27, wherein the value provided for 
the aperture of the lens is smaller than 1. 

30. A method for obtaining a radially symmetric refractive 
index profile n(r) of a spherical GRIN lens having a radius, 
where r is the radial position within the lens and 0<rs 1, the 
method comprising: 

providing a predefined function for a range of risrsr; 
providing a value for each of a set of input parameters, the 

parameters including a focal length of the lens and an 
aperture of the lens; and 

using a computer apparatus, numerically determining n(r) 
for the remaining range ofr based on the provided values 
for the set of input parameters, such that the lens pro 
duces nominally perfect imaging. 

31. A system for photovoltaic Solar concentration, com 
prising: 

Mar. 20, 2014 

a stationary absorber including a photovoltaic cell; 
a spherical gradient index (GRIN) lens, wherein the pho 

tovoltaic cell is placed at a distance from the center of the 
GRIN lens, the distance being equal to the focal length 
of the GRIN lens for the Sun, and 

a tracking device operatively coupled to the GRIN lens, the 
tracking device being capable of moving the GRIN lens 
to track the trajectory of the Sun while maintaining the 
distance. 

32. The system of claim 31, wherein the system further 
includes a backing plate having a surface to which the pho 
tovoltaic cell is affixed. 

33. The system of claim 32, wherein the backing plate 
comprises a heat sink. 

34. The system of claim 31, further comprising a housing 
which encloses the stationary absorber, the GRIN lens, and 
the tracking device. 

35. The system of claim 31, wherein the spherical GRIN 
lens produces nominally perfect imaging. 

36. The system of claim 31, wherein the spherical GRIN 
lens is a spherical GRIN lens according to claim 1. 

37. The system of claim 31, wherein the geometric con 
centration of the system is up to about 30000. 

38. The system of claim 31, wherein the focal length of the 
spherical GRIN lens is greater than 1.73 relative to the radius 
of the lens. 

39. A method of utilizing Solar energy, comprising: 
placing a photovoltaic cell at a distance from the center of 

a spherical GRIN lens, the distance being equal to the 
focal length of the GRIN lens for the sun; and 

moving the GRIN lens to track the trajectory of the sun 
while maintaining the distance, wherein the photovol 
taic cell is kept stationary during moving the GRIN lens. 

40. The method of claim 39, wherein the GRIN lens is a 
nominally perfect imaging GRIN lens. 

41. The method of claim 39, wherein the GRIN lens is a 
GRIN lens according to claim. 

42. A system for photovoltaic Solar concentration, com 
prising: 

an absorber including a photovoltaic cell having a light 
receiving Surface; 

a spherical gradient index (GRIN) lens, wherein the pho 
tovoltaic cell is placed at a distance from the center of the 
GRIN lens, the distance being equal to the focal length 
of the GRIN lens for the Sun, and 

a tracking device operatively coupled to the GRIN lens and 
the photovoltaic cell, the tracking device being capable 
of moving the GRIN lens to track the trajectory of the 
Sun and moving the photovoltaic cell Such that the line 
connecting the center of the GRIN lens and the center of 
the Sun is always normal to the light receiving Surface of 
the photovoltaic cell. 

43. The method of claim 42, wherein the GRIN lens is a 
nominally perfect imaging GRIN lens. 

44. The method of claim 42, wherein the GRIN lens is a 
GRIN lens according to claim 1. 
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